ABSTRACT In this paper, an adaptive fuzzy controller is investigated for a class of strict-feedback nonlinear state constrained systems with both input delay and unknown control coefficients. Nussbaum gain technique is employed in the design progress to deal with the unknown time-varying control coefficients. Pade approximation and an intermediate variable are applied to compensate for the effect of the input delay and the barrier Lyapunov functionals (BLFs) are used to guarantee the states to remain within their constraint sets. The unknown functions are approximated by Fuzzy logic systems (FLSs). It is proved that the tracking error can converge to a compact set of the origin without violating the state constraint, and all closed loop signals remain bounded. The effectiveness of the proposed controller is illustrated through two examples.
I. INTRODUCTION
In the past several decades, the control design and stability analysis for the uncertain systems have been a research hotpots because the practical systems [1] , [2] always contain unknown dynamics parameters and external disturbances. Fuzzy logic systems (FLSs) and neural networks (NNs) [3] are effective approaches to approximate the unknown system dynamics for a class of nonlinear systems. Combining FLSs or NNs with adaptive control method, dramatic results have been reported for nonlinear uncertain systems, such as [4] - [6] , [10] , [11] , [14] - [23] , [26] , [27] , [30] , [31] , [37] - [44] , [46] - [49] It is well known that time-delay is frequently encountered in various engineering systems, such as aircraft systems, long transmission lines in pneumatic, hydraulic systems and chemical processes, etc. And the existence of time delays usually may lead to notable performance degradation or even instability of the control systems [7] . Therefore, numerous of different approaches have been proposed to stabilize such systems
The associate editor coordinating the review of this manuscript and approving it for publication was Min Wang. with time-delays. Lyapuno-Razumikhin functions (LRFs) and Lyapunov-Krasovskii functions (LKFs) are the common methods to compensate time delays in both linear [8] , [9] , and nonlinear systems [10] - [19] . By combing LKFs with backstepping method, adaptive neural or fuzzy controllers have been proposed for a class of nonlinear uncertain SISO (single input single output) [14] - [16] and MIMO (multiple input multiple output) [17] , [18] systems with state time delay. Considering input delay, the adaptive backstepping tracking control problems have been investigated in [21] - [24] for both linear and nonlinear input delay systems. Subsequently, the scholars found that the Pade approximation technique can simplify the analysis process of delayed systems. So Pade approximation technique as a new method was used in siding mode control [25] and backstepping control [26] to handle the input delay in the adaptive fuzzy control design process for a class of uncertain nonlinear systems. However, the constraint problem is not taken into consideration in the above researches.
Due to the constraint problems are unavoidable in practical engineering systems [27] , [28] , the barrier Lyapunov functions (BLFs) and integral barrier Lyapunov functions (iBLFs) have been developed in recent years. By combining backstepping technique and BLFs, adaptive control design has been proposed to guarantee the output constraint [29] - [32] and state constraints [33] - [36] in various nonlinear systems by state feedback and output feedback. More recently, combined with BLFs and NNs or FLSs technology, several novel adaptive control schemes have been developed for a class of nonlinear systems with state time delays [37] - [40] and input delays [41] , [42] . Li et al. [37] proposed an adaptive NN controller for strict-feedback nonlinear systems with full state constraint and unknown state time delays. Ref. [40] employed the FLSs and BLFs technology to design a backstepping controller for nonstrict-feedback systems with full state constraint and unknown state time delay. In addition, a new adaptive control method combined with Pade approximation technique was proposed in [41] for strict-feedback input delay systems with output constraint. And this control method was further extended in [42] for strict-feedback input delay systems with full state constraint. However, the main deficiencies of the above contributions are: the control coefficients are assumed to be constants and the signs of them are assumed to be known.
In practice, the control coefficients might be unknown time-varying nonlinear functions and the signs of control coefficients are hard to know in previous. So the adaptive tracking control for such systems will become more general and complex. The existing works [43] studied a class of strict-feedback nonlinear state time delay systems, in which the control coefficients are unknown nonlinear functions with known signs and the state constraint is not taken into consideration. Inspired by [35] , [36] , [43] , Tang et al. [44] proposed a new neural controller combined with iBLF to deal with the full state constrained nonlinear systems, the control gains are unknown nonlinear functions with known signs. And the work didn't take input time delay into consideration. It is well-known that Nussbaum gain technique was proposed by Nussbaum in 1983 [45] , which is an effective tool to handle the problem of the unknown signs of the control coefficients (namely unknown control directions). The contribution [46] , [47] designed an adaptive neural controller by employing the Nussbaum gain technique to handle the problem of the unknown signs of the control coefficients for strict feedback state time-varying delay systems. Recently, Shen et al. [48] designed a fuzzy adaptive fault-tolerant controller for nonlinear systems with unmodeled dynamics and unknown signs of the control coefficients by employing the Nussbaum gain technique. Li et al. [49] proposed an adaptive neural controller combined with the Nussbaum gain method and KLFs to deal with the problem of the unknown signs of the control coefficients and state time delays for the strict feedback nonlinear systems with full state constrains.
To the best of my knowledge, there are quite few literature about the control scheme handling the input delay system with both state constraints and unknown control gain functions whose signs are unknown. The work [41] proposed a fuzzy controller for a class of strict-feedback input delay systems with output constraint, the effect of state constraint problem is not considered. An adaptive NN control scheme was proposed by [42] to deal with the control problem for the strict-feedback state constraint systems with input time delay. The work [26] also used the Pade approximation technique to deal with the input time delay for nonlinear networked control systems. But the effect of state constraint is not taken into consideration. Moreover, the control methods in Ref. [41] , [42] , [26] do not own the capability to deal with the system with unknown time-varying control coefficients.
Motivated by the earlier works, this paper proposed an adaptive fuzzy controller for a class of nonlinear input delay systems with full state constraint and unknown time-varying control coefficients. The main contributions are as follows:
1) By using BLFs method during the fuzzy controller design process, we keep the Barrier Lyapunov Function bounded in the closed loop and prevent the violation of the full state constraint. 2) Pade approximation technique can reduce the analysis complexity of system with input time delay, and a new coordinate transform are utilized to eliminate the effect of unknown input delay.
3) The Nussbaum gain technique as well as the FLSs is employed to deal with the challenge of the unknown time-varying control coefficients with unknown signs and to approximate the unknown nonlinear continuous functions during the design process. 4) Compared with the existing model [25] , [26] , [29] , [35] , [41] - [44] , [46] , [48] , [49] , a more generalized model, which can take the input delay and unknown control gains of the nonlinear strict feedback systems into consideration simultaneously, is proposed in this paper.
II. PROBLEM FORMULATION AND PRELIMINARIES
, u ∈ R n and y ∈ R are the system states, system control input and output;
are unknown smooth function and the sign of g i (·) is also unknown. d i (·)i = 1, 2, . . . n stands for the unknown timevarying external disturbance and τ denotes the unknown input delay.
The primary goal of this paper is to design a controller to drive the system output y(t) to track a desired trajectory y d (t) as closely as possible, while all signals in the closed-loop systems are bounded and state constraints are not violated. To this end, the following assumptions are adopted on the systems (1).
Remark 1: Combined with BLFs method, the existing works [29] , [35] proposed adaptive backstepping control schemes for the strict feedback nonlinear systems with input VOLUME 7, 2019 constraint or partial state constraint, and the control gains are assumed as known functions. The authors in [44] work on the state constraints systems with unknown time-varying control gains functions under the assumption that the signs of the control gain are known. In addition, the works [41] and [42] studied a class of strict-feedback constrained systems with input time delay, however the control coefficients of the systems are known constant. Inspired by [46] - [49] , we employ the Nussbaum gain method to deal with the unknown time-varying control coefficients with unknown signs. Therefore, the system (1) is more generalized than the systems described in published literature. 
Assumption 3: For 1 ≤ i ≤ n, the signs of g i (x i ) are unknown and there exist unknown positive constants
. . , i, and the unknown function g i (x i ) = 0.
B. PROPERTIES OF THE NUSSBAUM FUNCTION
In order to deal with the unknown time-varying control coefficient, the Nussbaum gain technique is employed in this paper. A function N (ζ ) can be called Nussbaum-type function if the following properties is satisfied [48] :
In this paper, the even Nussbaum function is used as N (ζ ) = ζ 2 cos((π/2)ζ ).
Lemma 1 [46] : Let V (·), ζ (·) be smooth functions defined on [0, t f ) with V (t) ≥ 0, ∀t ∈ [0, t f ), and N (·) be an even smooth Nussbaum-type function. If the following inequality holds: [29] : For any positive constants k bi , the following inequality is established, when z i remains in the interval
C. FUNCTION APPROXIMATION WITH FUZZY LOGIC SYSTEMS
As we all know, the neural networks and fuzzy logic systems are both universal approximators to deal with the unknown nonlinear function. In this paper, the FLSs are used to approximate the unknown continuations nonlinear functions. Construct fuzzy logic systems with the following IF-THEN rules [4] . R i : IF x 1 is F i 1 , and . . . and, x n is F i n , THEN y is
By using singleton fuzzifier, product inference and centre average defuzzifier, the fuzzy logic system can be formulated as
and the fuzzy basis function
Then the fuzzy logic system can be rewritten as
If all memberships are chosen as Gaussian functions, the following lemma holds Lemma 3: Let f (x) be a continuous function defined on a compact set ; then, for any given constant ε > 0, there exists a fuzzy logic system y(x) in the form of Eq. (5) 
III. CONTROLLER DESIGN AND STABILITY ANALYSIS
In order to tackle the problem of input delay, the coordinate transforms and Pade approximation are used to compensate input delay. Based on the delay theorem of Laplace transform and the Taylor formula, the following equation holds [41] :
where (u(t)) is the Laplace transform of u(t) and ν is the Laplace variable. For further investigation, another intermediate variableis x n+1 is introduced and satisfies the following equation:
Then, (6) can be further written as
Using inverse Laplace transform, we can obtaiṅ
where λ = 2/τ , so the system can be further described as follows:
and the change of coordinates is given as
Remark 2: Pade approximation approach and Laplace transform are used to deal with the input time delay (see Eq. (6)). But the Pade approximation has some limitations. In order to facilitate the analysis, we define that the approximation error is exp(−τ ν) − (1 − τ ν/2)/(1 + τ ν/2). The approximation error closes to zero when time delay is small. It is obvious that the approximation error cannot be neglected for the cases of the big time delay. Consequently, the proposed control scheme cannot work in the system with big time delay. Then, adaptive control design for systems with long time delay deserves further investigation.
Remark 3: In the analysis process, the intermediate variable x n+1 is introduced in the nth subsystem, which is not a real variable of the system. When the input delay has some deviations, the deviation in γ occurs, x n+1 will be uncertain (namely, the time-varying case) [26] , [41] . In this case, the actual control scheme is used to eliminate this item, so it is robust to the time-varying input delay to some degree. The simulation results of example 2 will be used to prove it.
Remark 4: Pade approximation and coordinate transforms are used to separate the time delay from the input control signal. The input delay τ and x n+1 is compensated by the constructed coordinate transforms (10), the term z n = x n − α n−1 + 1/λx n+1 and the actual controller u. The introduced item is used to eliminate the variable in the last step.
In this section, we will use the adaptive fuzzy backstepping technique to design the control method. And the virtual control signals, adaptive laws, and the actual controller are designed as follows:
where
is a fuzzy basis function vector with Z i being the input vector. And note that when i = n, α n is the true control input u. For simplicity, letδ i be the upper bound of the fuzzy approximation error δ i (Z i ), andθ i = θ * i −θ i is the estimation error.
The backstepping-based design procedure is illustrated as below.
Step 1: Based on z 1 = x 1 − y d in Eq. (11) and the first equation of system (1), the derivatives of error can be given by:
Choose the Barrier Lyapunov functional candidate as
where k b1 is a positive constant, and |z 1 | < k b1 , γ 1 is a positive design constant. It can be seen that V 1 is positive definite and continuously differentiable in the set |z 1 | < k b1 . Then, the time derivative of V 1 is given bẏ
Based on Assumption 1 and Young's inequality, we have
Substituting (17) into (16) leads tȯ
the function U 1 (Z 1 ) is defined by
with
, and Z 1 being the known compact set in R 3 . Then according to Lemma 3, the nonlinear function U 1 (Z 1 ) can be approximated by FLSs as
Based on Young's inequality
where η 1 and ρ 1 are positive constants and define
Substituting (20)- (22) into (18), one can havė
Choosing the adaptive lawθ 1 in (13) and based on the tracking error z 2 = x 2 − α 1 , inequality (23) becomeṡ
The virtual controller α 1 is chosen as (12) and then the term
Substituting (25) into (24) leads tȯ
where the coupling term z 1 z 2 / k 2 b1 − z 2 1 g 1 (x 1 ) will be eliminated in the next step.
Step i: (i = 2, . . . , n − 1) The error variable is denoted by z i = x i − α i−1 , based on the first equation of system (1), the time derivative ofz i iṡ (27) wherė
Choose the following Lyapunov candidate functionals as
where k bi is a positive constant, and |z i | < k bi , γ i is a positive design constant. It can be easily seen that V i is positive definite and continuously differentiable in the set |z i | < k bi . And the time derivative of V i is given bẏ
Similar as (17) and (18), the function (30) can be expressed aṡ
the function U i (Z i ) is defined by (32) with
, and Zi being the known compact set. Then according to Lemma 3, the nonlinear function U i (Z i ) can be approximated by FLSs as:
where η i and ρ i are positive constants and define
Substituting (33)- (35) into (31), one can havė
Choosing the adaptive lawθ i in Eq. (13) and based on the tracking errorz i+1 = x i+1 − α i , inequality (36) can be further written aṡ
The virtual controller α i is chosen as (12) , and then the term
Substituting (38) into (37) leads tȯ
where the coupling term z i z i+1 / k 2 bi − z 2 i g i (x i ) will be eliminated in the last step.
Step n: Based on (10) and (11), the error variable is denoted by
The time derivative ofz n iṡ
where k bn is a positive constant, and |z n | < k bn , γ n is a positive design constant. It can be easily seen that V n is positive definite and continuously differentiable in the set |z n | < k bn . And the time derivative of V n is given bẏ
Similar as (17) and (18), and based on the assumption 3, the function (44) can bė
. . ,θ n−1 ] T ∈ Z n , and Zn being the known compact set. Then according to Lemma 3, the nonlinear function U n (Z n ) can be approximated by FLSs as:
where η n and ρ n are positive constants and define
Substituting (47)- (49) into (45), one can havė
Choosing the adaptive lawθ n , the inequality (50) becomeṡ
Based on the controller in (12), the true controller u is chosen as
where k n is a design positive constant. And then the term z n /k 2 bn − z 2 n g n (x)u in (51) becomes
Substituting (53) into (51) leads tȯ
Moreover, noting thatθ = θ * −θ and based on the Young's inequality
Then, (55) can be further rewritten aṡ
Then, we will give our main result in the following theorem. Theorem 1: Consider the system (1) under Assumptions 1-3, the adaptive laws (13) and the control laws (12) . Then, the closed-loop system has the following properties:
1) The state x(t) remains in the constrained set.
2) All the signals in the closed-loop system are bounded.
3) The tracking error will remain to be bounded in a compact set.
Proof: The barrier Lyapunov function is chosen as
According to Lemma 2, one can obtain
Based on (57) and (58), the inequality (52) becomeṡ
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Multiplying both sides of (59) by e Bt and integrating it over [0, t], (60) becomes
Applying Lemma 1, we can conclude that V (t), 
Then, we can obtain
Based on
, by the same way, it is easy to obtain that all signals of the closed-loop system (1), (i.e., x i (t), z i (t), θ i (t), virtual controllers α i and actual controller u(t)) are bounded and the tracking error z 1 (t) converges to an arbitrarily small neighbourhood around the origin. Remark 5: As can be seen from (57), (61), (64), it is easy to obtain that the size of tracking error z j lies on the design parameters k i , η i , σ i , γ i and ρ i (i = 1, 2, . . . , n). And if we fix σ i > 0, it is clear that when k i increases, the denominator B increases. With the increase of γ i and the decrease of η i , ρ i , the numerator C reduces correspondingly. Thus, it will help to reduce C/B. This implies that the tracking errors can be made arbitrarily small by selecting the design parameters appropriately. However, B can not be too big, otherwise the control energy will be too large. Therefore, in practical engineering, the parameters should be designed suitably to obtain better transient performance and control action.
Based on the above analysis, a detailed flow chart of the proposed algorithm is given in Figure 1 .
IV. SIMULATION RESULTS
Two examples are provided in this part to illustrate the effectiveness of the proposed method.
Example 1: Consider the strict-feedback nonlinear system with unknown input delays in [42] as follows: Due to the control gains might be unknown time varying nonlinear functions, therefore, we add some unknown nonlinear control gain functions in (60) to get thaṫ
where the state variables x 1 and x 2 of system (61) are constrained by |x 1 | ≤ k c1 = 1.18 and |x 2 | ≤ k c2 = 1.05 with the initial values: x 1 (0) = 0.2, x 2 (0) = 0.2 and x 3 (0) = 0. The input delay is chosen as τ = 0.02 s. The sampling time is 0.01s. The reference signal is given as y d = 0.5(sin(t) + sin(0.5t)). The fuzzy membership functions are defined as follows:
And the adaptive control laws are designed as:
The system design parameters are k 1 = 6, k 2 = 15; Example 2: To further illustrate the effectiveness of the proposed control method, we consider an actual project case in Ref. [26] (case A of Example2).
The reference [26] designed an adaptive fuzzy controller for nonlinear networked control systems with network-induced delay. It is worth noting that the system is a special case of the strict feedback systems with input delay that we are considering. Although the tracking reference signal is not mentioned in Ref. [26] . It can be assumed as y d = 0. Different from Example 1, there exists a bounded deviation in γ . the input delay τ is defined as a time-varying random one.
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A one-link manipulator considering the motor dynamics is used in this example (see Figure 7) FIGURE 7. Dynamic model of a one-link manipulator.
The dynamic equation can be expressed as: Taking network-induced delay and external disturbance into consideration, the above system is rewritten as below:
where the state variables x 1 , x 2 and x 3 of system (70) are constrained by |x 1 | ≤ k c1 = 0.6, |x 2 | ≤ k c2 = 1.5 and The initial values, input delay and the reference signal are the same as [26] . τ is an uniform random number (τ ∈ [0.05, 0.07]) and y d = 0. The fuzzy membership functions are defined as those in example 1. The system design parameters are chosen as: Figure 8 shows the trajectories of the system output y in Figure 11 . And the curve of control input signal u and adaptation laws are shown in Figures 12 and 13 .
Compared with the simulation results for case A of Example 2 in Ref. [26] , the proposed method can achieve better control effectiveness. The state constraints and error constraints are taken into consideration in the system, so the overshoot of x 1 , x 2 and x 3 at the initial stage is also small for the proposed control method.
From the simulations, it is easy to conclude that the proposed control method can guarantee all states remain within the constraint bounds and the tracking error are bounded. The boundedness of actual control input and adaptation laws can be easily acquired.
V. CONCLUSIONS
In this paper, an adaptive fuzzy controller has been proposed for a class of nonlinear state constrained systems with both input delay and unknown time-varying control coefficients. To overcome the challenge, we employed the Nussbaum gain technique in the design progress to deal with the unknown time-varying control coefficients. By using the Barrier Lyapunov Functions (BLFs), the violation of the state constraint can be avoided. The input delay has been compensated through the use of the Pade approximation and an intermediate variable. Fuzzy logic systems (FLSs) have been used to approximate the unknown functions. And the control performance of the nonlinear system has been guaranteed by choosing the suitable design parameters. Furthermore, it can be proved that the proposed controller guarantee all closed loop signals remain bounded and the tracking error can converge to a small neighbourhood of the origin without violating the state constraint. Finally, simulation results have been given to illustrate the effectiveness of the proposed approach. In future work, we will attempt to extend the proposed control scheme to solve the control problem of stochastic nonlinear state-constrained and input delay systems with unknown virtual control coefficients. And the control design for systems with long time delay deserves further investigation.
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